Over an algebraic field K with discrete valuation, we study the line bundles on a smooth curve C K whose rth power is isomorphic to a given line bundle F K . For F K = O, these objects form a finite group K-scheme O/r; furthermore, as soon as the degree of F K is a multiple of r, we get a finite K-torsor F K /r under the group scheme O/r. On the discrete valuation ring R ⊂ K, there exist Néron models N (O/r) and N (F K /r), which are universal R-models of O/r and F K /r in the sense of the Néron mapping property. In general, N (O/r) has a group structure, but the properness may be lost; furthermore, N (F K /r) is in general not proper and not a torsor.
Introduction

The context
We work over an algebraically closed field k. Let R be a discrete valuation ring and K its field of fractions.
Consider a regular curve C K on K and a line bundle F K on C K , whose degree is a multiple of r. If F K is the structure sheaf O, the rth roots of F K form a finite group K-scheme, which we denote by O/r. In general, the rth roots of F K form a finite K-torsor F K /r under the finite K-group O/r.
Néron models, the finiteness and the torsor structure are lost
For any scheme X K over K, which is smooth, separated, and of finite type, the notion of Néron model identifies a canonical R-scheme N (X K ) essentially by imposing the Néron universal mapping property to the smooth R-schemes extending X K , see Definition 3.1.1.
The Néron model of O/r. We take as entry the finite group K-scheme O/r. Its Néron model is anétale group R-scheme. The structure of O/r as a group K-scheme extends uniquely to a structure of N (O/r) as a group R-scheme. However, in general N (O/r) is not finite, we illustrate this with a concrete example.
Example.
Let C be a semistable reduction of C K : a semistable R-curve C whose generic fibre is C K . Let us assume that C is a regular scheme and that the special fibre C k is an irreducible curve with a single node.
We describe the Néron model of O/r by means of the relative Picard functor. Since the geometric fibres are irreducible, by [Gr68, n o 232, Thm. 3.1], the relative Picard functor Pic 0 C/R , is represented by a separated R-scheme, which is the Néron model of the Jacobian variety of C K , [BLR80, 9.5/4].
Then, the Néron model of O/r can be regarded as the r-torsion of Pic 0 C/R on R. In this way, the scheme N (O/r) has a group structure and isétale of degree r 2g on R. The group scheme N (O/r) is not finite because the special fibre contains r 2g−1 geometric points (recall that in general the number of r-torsion line bundles of C k is given by #((Pic C k ) r ) = r 2g−1+#(V )−#(E) ,
where V and E are the sets of irreducible components and of singularities of the curve C k ).
The Néron model of F K /r. Let us take as entry the finite K-torsor F K /r. In general, the Néron model is not finite and is not a torsor.
We fix r = 2, and we consider a semistable reduction of C K . We assume that C is regular and that the special fibre C k has two connected components C 1,k and C 2,k and two nodes.
Let F be a line bundle on C, whose relative degree is 0 and whose degree on the irreducible components of C k satisfies deg F | C 1 = 1 and deg F | C 2 = −1.
Let G K be the K-group O/2. Let T K be the K-torsor F K /2, where F K is the special fibre of F . We can describe the Néron model of G K and T K by means of the relative Picard functor using Raynaud's study of the specialization of the Picard functor [Re70] and [BLR80, 9/5, 4] .
The relative Picard functor Pic 0 C/R is represented by a (not necessarily separated) scheme [Mu66] . The Néron model N (J K ) of the Jacobian J K of C K is the separated quotient by the scheme-theoretic closure of the zero section of Pic 0 C/R . The Néron model N (G K ) is the 2-torsion subscheme of N (J K ): a group scheme of degree r 2g on R, with nonempty special fibre. On the other hand, the Néron model N (T K ) has empty special fibre, because it is the subscheme of square roots of F in N (J K ), and F has no square roots for degree reasons. We conclude that N (T K ) is not proper and is not a torsor.
The Néron d-model
We place the notion of Néron model on a stack-theoretic base. For any scheme X K over K, which is smooth, separated, and of finite type, the Néron d-model identifies a canonical representable morphism
extending X K → Spec K and satisfying the Néron universal mapping property, see Definition 3.1.1.
1.4
The Néron d-model of the group O K /r and of F K /r For each d prime to char(k), there is a Néron d-model of O/r. We assume that O/r is tamely ramified, and we identify all the choices of d for which the Néron d-model is a finite group. Among such Néron d-models we identify those that represent the r-torsion line bundles on a twisted curve extending C K on S[d] (a twisted reduction). Twisted curves are stack-theoretic curves introduced by Abramovich and Vistoli [AV02] with representable smooth locus and finite stabilizer at each node; we say that C K has twisted reduction on S (or S[d]) if there is a twisted curve C → S[d] whose fibre on Spec K is C K . These results are contained in the following theorem, which we prove in Section 4. 4.1.1 Theorem. We assume that C K is a regular curve on K of genus g ≥ 2. Consider the group K-scheme O/r, where O is the structure sheaf on C K , and r > 2 is an integer prime to char(k). We assume that O/r is tamely ramified on R.
Then, there are three integer and positive invariants of
satisfying the following conditions. We refer to Proposition 4.1.7 for explicit formulae for the invariants m 1 , m 2 , and m 3 . Finally, we focus on rth roots of a line bundle F K on C K , whose degree is a multiple of r. We assume as usual that C K is a regular curve on K of genus g ≥ 2 and O/r is moderately ramified on R. Using the notation of Theorem 4. 
where F/r denotes the functor of rth roots of F on C → S [d] .
In that case, the torsor structure of
is the natural torsor structure of F/r under O/r.
Acknowledgements
I would like to thank André Hirschowitz for encouraging me to investigate this problem and for assisting in the preparating of this paper. I'm indebted to Michel Raynaud for the time he spent in explanations and in suggestions of future research directions. Finally, I would like to thank Arnaud Beauville, Carlos Simpson, and Charles Walter for their help and advice.
Terminology and preliminaries
Schemes
We work with schemes locally of finite type over an algebraically closed field k. We fix a positive integer r and assume that it is invertible in k.
We often work over the spectrum S of a discrete valuation ring R and we adopt the standard terminology: the generic point and the special point are the open point and the closed point in S. For algebraic spaces X (or stacks) over S the generic fibre and the special fibre of X → S are the fibre on the generic point and the fibre on the special point.
In this paper we say that a functor over S is representable if it is representable in the category of schemes.
Stacks
We refer to [LM00] and [DM69] for the main definitions (in this paper we will be only need stacks of Deligne-Mumford type). By Keel and Mori's Theorem [KM97] , if X is a Deligne-Mumford stack, there exists an algebraic space |X|, which is universal with respect to morphisms from X to algebraic spaces: we refer to |X| as the coarse space and we usually write π X (or simply π) for the natural morphism X → |X|.
Group stacks and torsors. We refer to [Br90] for the notion of group stack G → X. We say that there is an action of the group stack G → X with product m G and unit object e on T → X if there is a morphism of stacks m : 
is an isomorphism of stacks and the geometric fibres of T → X are nonempty.
Stabilizer of a geometric point of a stack. Let X be an algebraic stack. A geometric point p ∈ X is an object Spec k → X. We denote by Aut X (p) or simply Aut(p) the group of automorphisms of p in the category X. We refer to Aut X (p) as the stabilizer of p.
Local pictures. We often need to describe stacks and morphisms between stacks locally in terms of explicit equations. We adopt the following standard convention, which avoids repeated mention of strict henselization (see for instance [AV02] ).
Let X and U be algebraic stacks and let x ∈ X and u ∈ U be geometric points. We say "the local picture of X at x is given by U (at u)" if there is an isomorphism between the strict henselization X sh of X at x and the strict henselization U sh of U at u.
If f : X → Y and g : U → V are morphisms of stacks and x and u are geometric points in X and U, we say "the local picture of X → Y at x is given by U → V (at u)" if there is an isomorphism between the strict henselization f sh : X sh → Y sh of f at x and the strict henselization g sh : U sh → V sh of g at u. This convention allows local descriptions of diagrams of morphisms between stacks; in particular it allows local description of (tame) group actions G × X → X and of G-equivariant morphisms.
Semistable curves
2.3.1 Definition. A semistable curve of genus g ≥ 2 on a scheme X is a proper and flat morphism C → X whose fibres C x over geometric points x ∈ X are reduced, connected, 1-dimensional, and satisfy the following conditions:
1. C x has only ordinary double points (the nodes), 2. if E is a nonsingular rational component of C x , then E meets the other components of C x in k points with k ≥ 2.
The curve is stable if, in (2), the inequality is strict.
The dual graph. The dual graph Λ of a semistable curve C on an algebraically closed field is the graph whose set of vertices V is the set of irreducible components of C and whose set of edges E is the set of nodes of C. An edge connects the vertices corresponding to the irreducible components containing the two branches of the nodes. If an orientation of Λ is fixed, we have a chain complex C • (Λ, Z/rZ) with differential
where the edge starting at v − and ending at v + is sent to the 0-chain
We say that a node e of a stable curve C is separating if by normalizing C at the point e we obtain two disjoint components.
If we assign to each vertex v ∈ V the genus g v of the connected component of the normalization of C corresponding to the irreducible component attached to v, the (arithmetic) genus of C can be read off from Λ and the function v → g v . Indeed, we have
where
The height of a node. Let C be a semistable curve over a discrete valuation ring R with field of fractions K. Assume that the generic fibre C ⊗ R K is smooth over K. Let e be a node in C → Spec R, the height of e in C is the positive integer η(e) such that the local picture of C at e is given by Spec R sh [z, w]/(zw − π η(e) ), for π a uniformizer of R sh . Note that C is a regular scheme (over k) if and only if all the nodes have height 1.
Semistable reduction C of C K , stable model C st , and regular semistable model C reg . Given a smooth curve C K over a field K with discrete valuation, we say that C is a semistable reduction of C K on R if C → Spec R is a semistable curve over the corresponding discrete valuation ring R and we have
There exists a unique stable curve C st → Spec R with C st ⊗ R K = C K . We refer to it as the stable model of C → Spec R.
There exists a unique semistable curve C reg → Spec R with C reg ⊗ R K = C K and C reg regular. We refer to it as the regular semistable model of C → Spec R. Indeed C reg is the minimal regular model of C K .
Furthermore, there is a natural R-morphism C reg → C st obtained by contraction of all rational lines of selfintersection −2 in C reg . Each node of height η(e) in C st is the contraction of a chain of η(e) − 1 rational curves in C reg , which contains η(e) nodes.
The statements above are well known from the from the theory of semistable reduction (see [SGA7 I ] and, for overviews illustrating the different approaches in the existing literature, see Deschamps [De81, §2] and Abbes [Ab00] and the references therein).
The scheme F/r. Let C be a semistable curve on a base scheme S = Spec R, where R is a discrete valuation ring R. The relative Picard functor (in the sense of [BLR80, §8] ) is represented by a group S-scheme Pic C/S (as a consequence of Mumford [Mu66] , Grothendieck [Gr68] , see the treatment of [BLR80, 8.2] ). For any line bundle F on C, whose relative degree is a multiple of r, let F/r be the subscheme in Pic C/S representing rth roots of F : F can be regarded as a section S → Pic C/S , the functor M → M ⊗r can be regarded as an S-morphism Pic C/S → Pic C/S and F/r can be regarded as a fibred product over Pic C/S of S and Pic C/S .
In fact, following [Ch, §3] , we can define F/r more explicitly. Consider the category H formed by the objects (T, M T , j T ), where T is an S-scheme, M T is a line bundle on the semistable curve C × S T → T , and j T is an isomorphism of line bundles M
given by multiplication by an rth root of unity on T along the fibre of M T . Then, F/r → T can be regarded as the "rigidification along µ µ µ r of H" in the sense of Abramovich, Corti, and Vistoli,
Then we have the following statement.
Proposition ([Ch, Prop. 3.2.5]).
The functor F/r on S is representable and isétale on S.
Twisted curves
We recall the notion of twisted curve due to Abramovich and Vistoli.
Definition.
A twisted curve of genus g on a scheme X is a proper and flat morphism of tame stacks C → X, for which 1. the fibres are purely 1-dimensional with at most nodal singularities, 2. the coarse space is a semistable curve |C| → X of genus g; 3. the smooth locus C sm is an algebraic space;
4. the local picture at a node is given by [U/µ µ µ l ] → T , where
• the action of µ µ µ l is given by (z, w) → (ξ l z, ξ −1 l w). (Recall that the tameness condition on C means that for every geometric point the order of the automorphism group is prime to char(k).)
The dual graph. The notion of dual graph extends word for word from semistable curves over k to twisted curves over k.
The height of a node. For a twisted curve C over a discrete valuation ring with smooth generic fibre, the height of a node e in the special fibre C is a positive integer η(e) such that the local picture of C at e is given by [U/µ µ µ l ] where U is the scheme Spec R sh [z, w]/(zw − π η(e) ), for π a uniformizer of R sh .
Twisted reduction. Given a smooth curve C K over a field K with discrete valuation, we say that C is a twisted reduction of C K on R if C → Spec R is a twisted curve over the corresponding discrete valuation ring R and we have C ⊗ K = C K .
Remark.
Let C K be a smooth curve and letC a semistable reduction. By definition, C is a twisted reduction because a semistable reduction is just a representable twisted reduction. Let e be a node of height η in the special fibre of C. Assume that η factors as η = dk where d is a prime to char(k). Then, we can construct a twisted reduction
with a stabilizer of order d overlying e.
Take anétale neighbourhood of e ∈ C of the form
The action is free outside the origin p = (x = y = 0), and
We point out that this shows that-in characteristic 0-any semistable reduction can be regarded as the coarse space of a regular twisted reduction.
The scheme F/r. Let C be a twisted curve on a base scheme S = Spec R, for R a discrete valuation ring. For any line bundle F on C, whose relative degree is a multiple of r, the construction of F/r given in the context of semistable curves extends to the context of twisted curves: we have
where H is the functor in groupoids sending each S-schemes T to the groupoid of rth roots of the line bundle F × S T on C × S T . Finally, F/r → S isétale because Proposition 2.3.3 holds verbatim in the context of twisted curves, see [Ch, §3] .
A criterion of finiteness. Since F/r isétale on S, we have the following property.
Proposition ([Ch, 3.2.6]).
Assume that the data F → C → S satisfy the following conditions: F/r has degree r 2g on S and for any closed point x ∈ S the line bundle F x has r 2g rth roots on C x up to isomorphism. Then, O/r is a finite group scheme and F/r is a finite torsor under O/r.
The above statement motivates the study of the rth roots of F on a twisted curve C over k. For twisted curves over k whose nodes are points with stabilizers of order r, we can write the embedding of the singular locus in C as j : ⊔ E Bµ µ µ r → C. Then j * can be regarded as (Pic C) r → (Z/rZ) E = C 1 (Λ, Z/rZ) and, by [Ch, Thm. 3.3 .3], we have the exact sequence
Theorem
where (Pic|C|) r and (Pic C) r denote the r-torsion subgroups of the Picard groups, ∂ is the boundary homomorphism with respect to a chosen orientation of Λ, and ε denotes the augmentation
Automorphisms of twisted curves. Let π : C → |C| be a twisted curve over k. Due to a theorem of Abramovich, Corti, Vistoli [ACV03, 7.1.1] the group Aut(C, |C|) of automorphisms of C that fix the coarse space |C| satisfies
where l 1 , . . . , l n are the orders of the automorphisms of the nodes e 1 , . . . , e n . In fact, we can choose generators g 1 , . . . , g n of Aut(C, |C|) such that the restriction of g i to C \ {e i } is the identity, and the local picture at e i is given by
where ξ l i is a primitive l i th root of unity. (Local pictures are given up to natural transformations, and the 1-automorphism above is in fact, locally on the strict henselization, 2-isomorphic to
z − ) for any k = 0, . . . , l i − 1.) In order to study the action of the automorphism group of C on the Picard group of C we fix a twisted curve over k and a node e whose stabilizer has order l. We fix a primitive lth root of unity ξ. We can describe C locally at e as [V /µ µ µ l ], where V = {z + z − = 0} and µ µ µ l acts as (z + , z − ) → (ξz + , ξ −1 z − ). Furthermore we can define an automorphism g ξ which fixes C \ {e} and acts as
locally at e. By (2.4.6), g ξ is a generator of Aut(C, |C|).
We consider a line bundle L on C and an automorphism g ξ of C, and, in Proposition 2.4.9, we show that pulling back L via g ξ is the same as tensoring L by a line bundle of finite order determined by ξ and by the local picture of L at the node e.
We need to set up the notation of [Ch] . Consider the homomorphism γ : G m → Pic C sending λ ∈ G m to the line bundle on C of regular functions f on the partial normalization at the node e satisfying f (p + ) = λf (p − ). Note that the line bundles in the image of γ are pullbacks of line bundles on |C|.
The local picture of L → C at the point of the zero section over e is
where V is {z + z − = 0} as above, and ξ l ∈ Aut(e) acts on ((z + , z − ), λ) ∈ V × A 1 as
In
(2.4.10)
Néron d-models
Let S = Spec R be the spectrum of a complete discrete valuation ring, whose residue field k is algebraically closed and whose field of fractions is K.
The notion of Néron model
Let X be an S-scheme. Recall that the generic fibre of X is X K = X ⊗ R K viewed as a scheme on K. Conversely, for any K-scheme X K , an S-scheme Y is an S-model of X K if the generic fibre is X K :
There is an abundance of S-models. On the other hand, the Néron model satisfies a universal property, which determines it uniquely, up to a canonical isomorphism.
Definition (Néron model).
Let X K be a smooth and separated K-scheme of finite type. A Néron model is an S-model X, which is smooth, separated, and of finite type, and which satisfies the following universal property called Néron mapping property: For each smooth S-scheme Y → S and each K-morphism u K :
It follows from the definition that the Néron model X on S is uniquely determined by X K , up to a canonical isomorphism. On the other hand, under suitable conditions, we have an existence theorem. Although the theorem of existence has been proven by Néron and Raynaud in higher generality, we state it for proper K-group schemes and proper K-torsors, which is the subcase needed here. 
The notion of Néron model on a stack-theoretic base
The Néron model commutes withétale base changes, with the passage to henselization, and with the passage to the strict henselization [Re70] . However, in general, the notion of Néron model is not stable under base change. After adjoining a dth root of the uniformizing element π of R to K, in general, the base change 
Notation (the stack-theoretic base S[d]). Let
Definition (S[d]-model). For any
K-scheme Z K , a representable morphism of stacks Y → S[d] is an S[d]-model of Z K if its generic fibre is Z K : Z K = Y × S[d] Spec K.
Remark. In view of the generalization of Néron models to the stack-theoretic base S[d]
we consider the 2-category of representable smooth morphisms of stacks X → S[d]. We recall that, since we are working inside the 2-category of algebraic stacks, an 
Definition (Néron d-model).
Let X K be a smooth and separated K-scheme of finite type. 
Remark.
Clearly, since S[1] = S, the Néron 1-model is an S-scheme and is the Néron model of the generic fibre in the usual sense.
It follows from the definition, that any two Néron d-models of X K are isomorphic and the isomorphism is unique up to a unique natural transformation.
Proposition. Let d be invertible in the residue field. For π a uniformizer of R, write
, K for the corresponding field of fractions, and S for Spec R, with the natural µ µ µ d -action. Let X K be a smooth and separated K-scheme of finite type, and let X K = X K ⊗ K K be the corresponding K-scheme.
I. If N is the Néron d-model of X K , then the S-scheme N fitting in
is the Néron model of X K .
II. Conversely, assume that the scheme
Proof. For (I), consider a smooth S-scheme Y and a K-morphism u K :
Composing the latter morphism with the projection X K → X K , we obtain a K-morphism u K , which extends to an 
The morphism Y → N is compatible with u K , because it is compatible after composition with the projections to X and S, as a consequence of the fact that Y → X extends u K . Finally, note that u is determined up to natural transformation by u K , and it is easy to see that it is uniquely determined by the K-morphism u K :
For (II), note that µ µ µ d acts on N (X K ), because it acts on X K and, by the Néron mapping property, the action extends to
In order to check the universal property, consider a smooth and representable morphism 3.2.9 Notation. Whenever d is invertible in the residue field k and X K satisfies the hypothesis of Theorem 3.1.2, the Néron d-model of X K exists and we denote it by
4 Néron d-models of the group O/r and of the torsor F K /r
In this section we work with an integer r ≥ 2 prime to char(k), and we describe the Néron d-models of O/r and F K /r. We work under conditions of Prop.ramification for O/r and for F K /r.
The Néron d-model of O/r
4.1.1 Theorem. We assume that C K is a regular curve on K of genus g ≥ 2. Consider the group K-scheme O/r, where O is the structure sheaf on C K , and r > 2 is an integer prime to char(k). We assume that O/r is tamely ramified on R.
satisfying the following conditions. 
There is a semistable reduction of C K on S[d] if and only if
Credits.
In the statement above point (1) follows easily from a version of the theorem of semistable reduction which was pointed out to me by Michel Raynaud and can be found in [De81] . The fact that m 2 is a multiple of m 1 is merely a reformulation of a criterion due to Raynaud and Serre, whose proof is recalled below and can also be found in Deschamps's treatment of semistable reduction [De81, §5] .
Proof of Theorem 4.1.1. Point (2) follows from the existence of finite Néron d-models of a finite tamely ramified K-scheme. This is a simple fact in Galois theory. This point will occur again in the course of the proof (see for example the proof of point (1) Proof. Denote by K a separable algebraic closure of K; we write G for G K ⊗ K. By Proposition 3.2.7, we only need to determine the integer d for which R = R[ π]/( π d − π) satisfies the following condition: the Néron model of the pullback G of G K on the corresponding valuation field K ⊃ R is finite on R. This happens if and only if G is unramified on R. By descent theory, there is a natural morphism
Note that the K-scheme G is unramified on R if and only if Gal(K/ K) is contained in the kernel of the above morphism. Since G K is tamely ramified, the image of (4.1.4) is a finite cyclic group whose order is prime to char(k). Let m(G K ) be such order. Then, G is unramified on R if and only if d is a multiple of m(G K ).
We now show (1). As stated above (see 4.1.2), this is an application of the theory of stable reduction. We want to identify the base change R ⊂ R = R[ π]/( π d − π) such that C K ⊗ K has stable reduction on R (as usual K is the valuation field corresponding to R). We illustrate the argument following [De81, §5] . First, we introduce the Jacobian of C K and its Néron model on R (which is a well known geometric object after Raynaud [Re70] ). Second, by means of theorems of Raynaud [Re70] and of Serre and Tate [ST68] , we reformulate the condition of existence of a stable reduction in terms of a condition on the Néron model of the Jacobian. Third, by a criterion of Serre [Se60] , we identify the index m 1 .
The Jacobian and its Néron model. Let J K be Pic 0 (C K ), the Jacobian variety of C K (since C K is a proper scheme over a field, the Picard functor is representable and smooth [BLR80, 8.2/3 and 8.4/2]). The K-group scheme J K satisfies the boundedness condition needed for the existence of the Néron model (in fact we are working under the assumption that C K is smooth; so J K is proper, and Theorem 3.1.2 suffices). Then, write N (J K ) for the Néron model of J K and N (J K ) 0 for its identity component, the open subscheme of N (J K ) which is the union of all identity components of the fibres over Spec R (cf. [EGA, 15.6 
.5]).
A criterion of existence of semistable reduction via N (J K ) 0 . By a result of Raynaud (see [Re70] and [De81, Prop. 5.4]), a semistable reduction exists on R if and only if the special fibre of N (J K ) 0 has vanishing unipotent rank. In fact, if a semistable reduction exists, N (J K ) 0 is invariant under base change, [De81, Cor. 5.5]. Such a condition is satisfied on a finite Galois extension K ′′ of K, [De81, Thm. 5.6]. So it remains to identify for which Galois extensions K ′ , with K ⊆ K ′ ⊆ K ′′ , the scheme N (J K ′′ ) 0 is a pullback from Spec R ′ (we denote by R ′ and R ′′ the integral closures of R in K ′ and K ′′ respectively). By [De81, 5.16 ] this happens if and only Gal(K ′′ /K ′ ) acts trivially on the special fibre N (J K ′′ ) 0 k . So C K ′ has semistable reduction on R ′ if and only Gal(K ′′ /K ′ ) acts trivially on the special fibre N (J K ′′ ) 0 k .
A criterion of Serre. In order to apply the criterion that we have just formulated, we work on the residue field k and we focus on N (J K ′′ ) 0 k . Since the unipotent rank vanishes, N (J K ′′ ) 0 k is an extension H of an abelian variety by a torus. Let u an endomorphism of H of finite order. By Serre's criterion [Se60] , for u to operate trivially on H it is (necessary and) sufficient that u fixes the r-torsion subgroup of H (the criterion holds as long as r is greater than 2 and prime to char(k)). Therefore we can reformulate again: C K ′ has semistable reduction on R ′ if and only Gal(K ′′ /K ′ ) acts trivially on the special fibre of the r-torsion subgroup E of N (J K ′′ ) 0 k . In view of an application of Lemma 4.1.3, we traduce the above statement into a statement on the finiteness of a Néron d-models of a finite K-group E K , which we define hereafter. Let
is the disjoint union of a subscheme entirely contained in the generic fibre and of a finite R ′′ scheme E R ′′étale on Spec(R ′′ ). Note that the special fibre of E R ′′ is the r-torsion subgroup E of N (J K ′′ ) 0 k introduced above. We write
Let E K be the finite K-group defined by descent of E K ′′ on Spec K using the Galois action of Gal(K ′′ /K) on E K ′′ (this definition does not depend on the extension K ′′ , see [De81, Rem. 5.14]). Serre's criterion above allowed us to prove that the existence of a semistable reduction of C K ′ on R ′ is equivalent to the fact that Gal(K ′′ /K ′ ) acts trivially on
In this way, we conclude that C K ′ has semistable reduction on R ′ if and only E K ⊗ K ′ is unramified on R ′ , i.e. has a finite Néron model on R ′ . By Proposition 3.2.7, we can state this as follows The finiteness condition implies that the special fibre has r 2g roots. Theorem 2.4.4 implies that the order of the stabilizers of all nonseparating nodes is a multiple of r. It follows that the height of all nodes of | C| is a multiple of r. It remains to show that the heights of the nonseparating nodes of the stable contraction of | C| are all divisible by r. Indeed, this suffices because it implies that d, which is equal to lm 1 for l ∈ Z by (1), is also a multiple of m 3 , because we have wl ∈ rZ by Remark 4.1.6, which implies that r/ hcf{r, w} divides l.
We are left with a simple statement on the geometry of semistable curves. If an R-curve C is semistable and the height of each nonseparating node is a multiple of r than the height of each nonseparating nodes in the corresponding stable model C st is a multiple of r. Consider the regular semistable model C reg of C. The nodes of its chains of −2-curves are either all separating or all nonseparating. The statement above is equivalent to showing that in the regular semistable model C reg the number of nonseparating nodes in each chain is a multiple of r. This happens because C reg → C contracts sets of nonseparating nodes whose size is a multiple of r. Therefore, counting the number of nodes of a chain of −2-curves meeting in nonseparating nodes yields a multiple of r.
Note that the proof of Theorem 4.1.1, provides explicit formulas for m 1 , m 2 , and m 3 . 
Consider the subgroup E
K of G K satisfying (4.1.5). Let K be a separable extension of K. Consider E = E K ⊗ K and the morphism d E K : Gal(K, K) → Aut(E). Then we have m 1 = #(im(d E K )). 2. Consider G = G K ⊗ K and the morphism d G K : Gal(K, K) → Aut(G). Then we have m 2 = #(im(d G K )).
Remark.
If r = 2, there still exist m 1 , m 2 , and m 3 such that the properties 1, 2, and 3 hold. In this case, however, the criterion of Serre, which has been used to prove (1) and m 2 ∈ m 1 Z, should be modified as follows. Let u be the endomorphism u of finite order acting on an extension H of an abelian variety by a torus. If u fixes the points of order 2, than we have
With this criterion we can deduce that m 1 and m 2 are either equal or satisfy m 2 = 2m 1 , or m 2 = (1/2)m 1 .
4.1.9
Remark. It may well happen that the Néron d-model is finite, but does not represent the functor of rth roots of O on a twisted reduction of
In the notation of Theorem 4.1.1, this means that m 2 is in general different from m 3 . We give an example where they coincide, Example 4.1.10, and an example where they differ, Example 4.1.11. In general the following relation holds. For k dividing m 3 , the Néron m 3 -model G of the group G K of rth roots of O on C K descends to a Néron m 3 /k-model on S[m 3 /k] if and only if the action of µ µ µ k ⊂ µ µ µ m 3 on the special fibre of G is trivial. For q = r/ hcf{r, w}, the ratio m 3 /m 2 is the order of the largest subgroup of µ µ µ q acting trivially on the special fibre of G.
We can apply this criterion more explicitly. Recall that the special fibre of G is the r-torsion subgroup of a twisted curve C k over k whose nodes have stabilizers of order l(e) with l(e) ∈ qZ. The group µ µ µ q acts on C k by the natural embedding
induced by µ µ µ q ֒→ µ µ µ l(e) on each factor. Given a primitive root ξ q of µ µ µ q the action fixes the curve outside the nodes and operates as
locally at the nodes, see (2.4.6). By pullback, this automorphism of C k operates on the r-torsion subgroup of Pic(C k ) as described in Proposition 2.4.9. We examine two examples.
Example.
We consider a smooth K-curve C K with stable reduction C on R. We assume that C is a regular scheme. We assume that the special fibre C k of C is irreducible and has a single node as in Example 1.2.1.
For simplicity, we consider the case r = 2. We calculate m 1 , m 2 , and m 3 . Since C K has stable reduction on Spec R = S[1], we have m 1 = 1. The group G K of square roots of O on C K is tamely ramified, and we want to determine m 2 : the least integer d such that G K has a finite Néron d-model. We note that Proposition 4.1.7, (3) implies m 3 = 2: on S[2] there exists a twisted curve C extending C K whose special fibre C k has a node with stabilizer µ µ µ 2 . The ratio m 3 /m 2 is the order of the largest subgroup of µ µ µ 2 acting trivially on (Pic C) 2 , the special fibre of G. On the other hand, we conclude m 2 = m 3 = 2 because by Proposition 2.4.9 the action of µ µ µ 2 on (Pic C) 2 is faithful. Indeed, a primitive root ξ 2 ∈ µ µ µ 2 acts on the square roots that are not pullbacks from |C k | as follows: pulling back via ξ 2 ∈ Aut(C k , |C k |) is equivalent to tensoring by the nontrivial line bundle γ(ξ 2 ) whose sections are regular functions f on the normalization satisfying f (p + ) = ξ 2 f (p − ) at the points p + and p − lying over the node.
4.1.11
Example. Let C K be a K-curve with stable reduction C on R, whose special fibre has two irreducible components and two nodes (see Example 1.2.2 for a picture). We assume that the stable model C is a regular scheme. For simplicity we take r = 2. As in the previous example, we have m 1 = 1 and m 3 = 2. On S[2] there is a twisted curve C whose square roots form a finite group G. The primitive root ξ 2 ∈ µ µ µ 2 operates on the special fibre C k of C by fixing the smooth locus and by mapping as (z, w) → (ξ 2 z, w) locally at the nodes. We have m 3 /m 2 = 2, because µ µ µ 2 operates trivially on the special fibre of G as we see hereafter. Firstly notice that pulling bach via ξ 2 ∈ Aut(C k , |C k |) fixes the square roots that are pullbacks from |C k |. The remaining roots that are nontrivial at both nodes j i : Bµ µ µ 2 → C k for i = 1, 2. This can be seen by looking at the sequence (2.4.5), line bundles that are not in the image of π * Pic(|C k |) 2 → Pic(C k ) 2 are sent to nonzero cycles in C 1 (Λ, Z/2Z) via j * 1 ⊔ j * 2 (recall that a cycle on the dual graph Λ is either the zero chain or the sum of the two edges). Then, by Proposition 2.4.9 pulling back via ξ 2 is equivalent to tensoring by the line bundle whose sections are regular functions f on the normalization satisfying f (p + ) = ξ 2 f (p − ) at the points p + and p − lying over each node the condition. This line bundle is trivial: the isomorphism to O is defined by multiplying f by 1 on one component and by ξ 2 on the remaining component of the normalization.
The Néron d-model of F K /r.
We assume as usual that C K is a regular curve on K of genus g ≥ 2, and O/r is moderately ramified on R. (we construct C by iterating the construction of Remark 2.4.2 with d = r at all nodes). Consider
